Conformal totally symmetric arbitrary spin fermionic fields in flat space-time of even dimension greater than or equal to four are studied. First-derivative formulation involving Fang-Fronsdal kinetic operator for such fields is developed. Gauge invariant Lagrangian and the corresponding gauge transformations are obtained. Gauge symmetries are realized by involving the Stueckelberg and auxiliary fields. Realization of conformal algebra symmetries on the space of conformal gauge fermionic fields is obtained. On-shell degrees of freedom of the arbitrary spin conformal fermionic field are also discussed. *
Introduction
Commonly used Lagrangian formulations of most conformal fields involve higher derivatives (for review, see Ref. [1] ). Higher-derivative Lagrangian formulation of the totally symmetric arbitrary spin bosonic conformal fields in 4-dimensional space and in d-dimensional space, d ≥ 4, was developed in the respective Ref. [1] and Ref. [2] . 1 Alternative higher-derivative description of the conformal bosonic fields obtained via AdS/CFT duality may be found in Ref. [3] . Higher-derivative Lagrangian formulation of the totally symmetric arbitrary spin conformal fermionic fields in 4-dimensional space was developed in Ref. [1] . Higher-derivative Lagrangian formulation of arbitrary spin conformal fermionic fields in d-dimensional space, d > 4, is not yet developed.
The present paper is a sequel to our papers [8, 9] , where the ordinary-derivative formulation of conformal fields was developed. This is to say that our Lagrangians for free bosonic conformal fields do not involve higher than second order terms in derivatives, while our Lagrangians for free fermionic conformal fields do not involve higher than first order terms in derivatives. In Ref. [8] , we developed the ordinary-derivative gauge invariant and Lagrangian formulation for free bosonic and fermionic low-spin conformal fields. Ordinary-derivative formulations of bosonic arbitrary spin conformal fields was developed in Ref. [9] . As we have already said, gauge invariant description of conformal fermionic fields (with fixed but arbitrary spin) in d-dimensional space, d > 4, is still not available in the literature. In this paper, we develop Lagrangian Lorentz covariant and gauge invariant formulation for totally symmetric arbitrary spin fermionic fields in flat space of arbitrary dimension d ≥ 4.
Our approach to conformal fermionic fields is summarized as follows. i) By introducing additional field degrees of freedom, we extend the space of fields entering the higher-derivative theory. Some of the additional fields turn out to be Stueckelberg fields, while the remaining additional fields turn out to be auxiliary fields. ii) Our Lagrangian does not contain higher than first order terms in derivatives. One-derivative contributions to the Lagrangian take the form of the standard Dirac, Rarita-Schwinger, and FangFronsdal kinetic terms of the respective spin- 1 2 , spin- 3 2 , and half integer spin-(s + 1 2 ), s > 1, fermionic fields. iii) All vector-spinor and tensor-spinor fermionic fields entering the Lagrangian are supplemented by appropriate gauge symmetries. 2 Gauge transformations of conformal fermionic fields do not involve higher than first order terms in derivatives. One-derivative contributions to the gauge transformations take the form of the standard gradient gauge transformations of the vector-spinor and tensor-spinor fields. iv) The gauge symmetries of our Lagrangian make it possible to match our approach with the higher-derivative one. This is to say by gauging away the Stueckelberg fields and by solving equations of motion for the auxiliary fields, we can obtain, from our ordinary-derivative formulation, the higher-derivative formulation of conformal fermionic fields.
The rest of the paper is organized as follows. In Sec. 2, we summarize the notation used in this paper. In Sec.3, we develop the ordinaryderivative formulation for arbitrary spin conformal fermionic field. In Sec.3.1, we start with the discussion of field content entering our approach. After this, in Sec.3.2, we present our result for our ordinary-derivative gauge invariant Lagrangian and realization of gauge symmetries in our approach. In Sec.4, we discuss realization of conformal algebra symmetries on the space of gauge fields entering our approach. In Sec.5, we describe our results for total number of on-shell D.o.F for the arbitrary spin conformal fermionic field and decomposition of those on-shell D.o.F into irreps of the so(d − 2) algebra. Section 6 is devoted to the discussion of directions for future research.
Notation
Our conventions are as follows. 
The oscillators α a ,ᾱ a and ζ,ζ, υ ⊕ , υ ⊖ ,ῡ ⊕ ,ῡ ⊖ transform in the respective vector and scalar representations of the Lorentz algebra
ab , and adapt the following hermitian conjugation rules for the derivatives, oscillators, and γ-matrices:
3) We use operators constructed out of the derivatives, oscillators, and γ-matrices,
14)
The 2 × 2 matrices σ ± , σ 3 , π ± , and antisymmetric products of γ-matrices are defined as
Throughout the paper the notation k
Sometimes we use conjugation rule denoted as †. This is to say that given operator A an operator A † is defined as
while A † stands for the standard hermitian conjugated of the operator A.
3 Ordinary-derivative gauge invariant Lagrangian
Field content
To discuss ordinary-derivative and gauge invariant formulation of spin-(s +
) conformal nonchiral Dirac fermionic field in flat space of dimension d ≥ 4 we use the following non-chiral spinor, vector-spinor, and tensor-spinor Dirac fields of the Lorentz algebra so(d − 1, 1):
where the spinor indices of the fermionic fields ψ Alternatively, for d ≥ 6, field content (3.1) can be represented as 
while, for d = 4, field content (3.1) is given in (3.3)- (3.9) . This is to say that fields in (3.10) enter field content only for d ≥ 6. We note that i) In (3.1), the fields ψ k ′ and ψ a k ′ are the respective non-chiral spinor and vector-spinor fields of the Lorentz algebra, while the field ψ
ii) The tensor-spinor fields ψ
iii) The conformal dimension of the field ψ
To illustrate the field content given in (3.1) we use the shortcut ψ
and note that, for d ≥ 6 and arbitrary s, fields in (3.1) can be presented as in Table I . 
. . . ψ
As we have said, the spinor fields ψ
. This is to say that, for d = 4 and arbitrary s, the field content in (3.1) can be represented as in Table II .
We note that d = 6 is the lowest space-time dimension when the spinor fields ψ
2 appear in the field content. Namely, for d = 6 and arbitrary s, the field content in (3.1) can be represented as in Table III .
. . .
To illustrate further the field content entering our approach we note that for the case of spin- 3 2 in 6d space the field content in (3.1) is given by
Field content for spin-
while for the case of spin- 3 2 in 4d space the field content in (3.1) is given by
For the case of spin- 5 2 in 6d space the field content in (3.1) is given by
while for the case of spin- 5 2 in 4d space the field content in (3.1) is given by
In order to streamline the presentation of ordinary-derivative formulation we use the oscillators α a , ζ, υ ⊕ , υ ⊖ , and collect fields (3.1) into the ket-vector |ψ defined by
where k s ′ is given in (3.2). For d = 4, we use relation (3.21) in (3.20) to respect the fact that fields appearing in (3.10) do not enter the field content when d = 4. It is easy to see that ket-vector (3.17) satisfies the following algebraic constraints:
Algebraic constraints (3.22) tell us that ket-vector |ψ (3.18) is degree-s homogeneous polynomial in the oscillators α a , ζ. Introducing the notation 
Lagrangian and gauge symmetries
We are now ready to discuss gauge invariant Lagrangian. Lagrangian of conformal spin-(s + ) fermionic field we found takes the form iL = ψ|E|ψ , (3.27)
28)
31)
33)
We note that E (1) (3.29) is the standard first-order Fang-Fronsdal operator represented in terms of the oscillators. The bra-vector ψ| is defined according the rule ψ| ≡ (|ψ ) † γ 0 .
We now discuss gauge symmetries of Lagrangian (3.27) . To this end we introduce the following set of gauge transformation parameters:
where the spinor indices of the fields ξ
are implicit. The gauge transformation parameters ξ
are non-chiral, spinor, vector-spinor, and tensor-spinor fields of the Lorentz algebra so(d −  1, 1) .
Alternatively, gauge transformation parameters (3.35), (3.36) can be represented as 
We note that i) In (3.35),(3.36) the fields ξ k ′ −1 and ξ a k ′ −1 are the respective non-chiral spinor and vector-spinor fields of the Lorentz algebra, while the field ξ
, is rank-s ′ totally symmetric non-chiral tensor-spinor field of the Lorentz algebra so (d − 1, 1) .
ii) The vector-spinor fields ξ a k ′ −1 and tensor-spinor fields ξ
iii) The conformal dimension of the gauge transformation parameter ξ
is given by
Now, as usually, we collect the gauge transformation parameters into ket-vector |ξ defined by
The ket-vector |ξ (3.47) satisfies the following algebraic constraints,
where k s ′ is given in (3.2). Algebraic constraints (3.51) tell us that ket-vector |ξ (3.47) is degree-(s − 1) homogeneous polynomial in the oscillators α a , ζ. Introducing the notation
we note that algebraic constraint (3.52) implies that ket-vector |ξ u (3.54) is degree-k s homogeneous polynomial in the oscillators ζ, υ ⊕ , υ ⊖ , while, from algebraic constraint (3.53), we learn that ket-vector |ξ d (3.54) is degree-(k s − 1) homogeneous polynomial in the oscillators ζ, υ ⊕ , υ ⊖ . In terms of the ket-vector |ξ , γ-tracelessness constraint (3.45) takes the form γᾱ|ξ = 0 .
(3.55)
Gauge transformations can entirely be written in terms of |ψ and |ξ . This is to say that gauge transformations take the form δ|ψ = G|ξ , (3.56)
where operators e Γ 1 , e 1 ,ē 1 are defined in (3.31)-(3.34). Chiral conformal fermionic fields. In the above discussion, we considered conformal nonchiral Dirac fermionic fields (3.17). Extension of our discussion to the case of conformal chiral fermionic fields is straightforward. To this end we introduce matrix Γ * defined as
where σ 3 is defined in (2.16). Now we introduce chiral ket-vectors |ψ ± defined as
It is easy to see that the matrix Γ * is anti-commuting with operator E (3.28) which enter our Lagrangian (3.27),
Using (3.61), and taking into account the relations {Γ * , γ 0 } = 0, Π † ± = Π ± , we see that our Lagrangian (3.27) is decomposed as
The Lagrangian L + describes positive chirality conformal fermionic field |ψ + , while the Lagrangian L − describes negative chirality conformal fermionic field |ψ − . Note also that the projectors Π ± are commuting with operator G (3.57),
Taking this into account we see that the Lagrangians L + and L − are invariant under the respective gauge transformations
Reailzation of conformal symmetries
To complete the ordinary-derivative formulation of spin-(s + ) conformal fermionic field we provide realization of the conformal algebra symmetries on the space of ket-vector |ψ (3.17).
The conformal algebra so(d, 2) of d-dimensional space-time taken to be in basis of the Lorentz algebra so(d − 1, 1) consists of translation generators P a , dilatation generator D, conformal boost generators K a , and generators J ab which span so(d − 1, 1) Lorentz algebra. We assume the following normalization for commutators of the conformal algebra:
Let |ψ denotes fermionic field propagating in flat space-time of dimension d ≥ 4. Let Lagrangian for the free field |ψ be conformal invariant. This implies, that Lagrangian is invariant under transformation (invariance of the Lagrangian is assumed to be up to total derivatives)
where realization of the conformal algebra generatorsĜ in terms of differential operators takes the form
In (4.7)-(4.10), ∆ is operator of conformal dimension, M ab is spin operator of the Lorentz algebra,
and R a is operator depending on derivatives with respect to space-time coordinates and not depending on space-time coordinates x a , [P a , R b ] = 0. 6 The spin operator of the Lorentz algebra is well known for arbitrary spin conformal fermionic field. In higher-derivative formulations of conformal fields, the operator R a is often equal to zero, while, in the ordinary-derivative approach, the operator R a is non-trivial. This implies that complete description of conformal fields in the ordinary-derivative approach requires finding not only gauge invariant Lagrangian but also the operator R a as well. From above discussion, it is clear all that is required to complete our ordinary-derivative description is to find the operators M ab , ∆, and R a for the case of spin-(s + ) conformal fermionic field, the realization of the Lorentz algebra spin operator M ab and the conformal dimension operator ∆ on the space of |ψ is given by
Note that realization of the conformal dimension operator ∆ (4.13) can be read from (3.12). Realization of the operator R a on the space of |ψ is given by
+ r E,13 γαA
, 5, 9, 10, 11, 12 ; (4.28) 
.
(4.36)
From (4.32), we see that the commutator [K a , K b ] is proportional to the operator of gauge transformations G and to operator E as it should be in gauge theory of fermionic fields. iv) It is easy to see that the operator R a (4.14) is commuting with the projectors Π ± (3.60) which enter positive and negative chirality conformal fields |ψ ± ,
Using (4.37), we make sure that the projectors Π ± are commuting with all generators of conformal algebra (4.6)-(4.9). This implies that Lagrangians L + and L − (3.62) for the respective positive and negative chirality conformal fields are invariant under conformal algebra transformations.
To summarize we note that the Lagrangian, gauge transformations, and the operator R a are determined by requiring that 7 i) Lagrangian should not involve higher than first order terms in derivatives, while gauge transformations should not involve higher than first order terms in derivatives; ii) the operator R a should not involve higher than first order terms in derivatives; iii) Lagrangian should be invariant with respect to gauge transformations and conformal algebra transformations.
These requirements allow us to determine the Lagrangian and gauge transformations uniquely. The operator R a is determined uniquely up to the gauge transformation operator G and the operator E (as it should be in any theory of gauge fermionic fields). ) conformal fermionic field have been discussed in Ref. [1] . Decomposition of on-shell D.o.F into irreps of the so(d − 2) algebra (which is so(2) when d = 4) was discussed only for the case of spin- 1 2 ) conformal fermionic field have not been discussed so far in the literature. Therefore, in this section, we present our result for on-shell D.o.F of the totally symmetric arbitrary spin-(s + To discuss on-shell D.o.F of the conformal fermionic field we exploit the light-cone gauge and use fields transforming in irreps of the so(d − 2) algebra. 8 Namely, we decompose on-shell D.o.F into non-chiral irreps of the so(d − 2) algebra. We find that on-shell complex-valued D.o.F of the totally symmetric spin-(s + ) conformal non-chiral fermionic field in d-dimensional space, d ≥ 4, are described by the following set of non-chiral half-integer fields of the so(d − 2) algebra:
To summarize, our result in (5.1) gives decomposition of the on-shell complex-valued D.o.F into non-chiral representations of so(d − 2) algebra, while expression for n (5.11) gives the total number of on-shell D.o.F appearing in (5.1).
Expressions for n in (5.11) describes number of the complex-valued D.o.F of non-chiral conformal field. Numbers of complex-valued D.o.F of chiral conformal fermionic fields |ψ ± (3.60), which we denote by n ± , are obtained in a obvious way
For the reader convenience, we now explain how n given in (5.11) is obtained from decomposition in (5.1). By definition, n given in (5.11) is a sum of tensorial components of fields (5.1) subject to γ-tracelessness constraint (5.2). This is to say that n can be represented as
14) 16) where n(ψ
. In other words, n(ψ 
Plugging n s ′ (5.17) into expression for n in (5.14) and using the textbook formula,
we obtain total number of D.o.F n given in (5.11).
Conclusions
In this paper, we extended ordinary-derivative approach developed in Refs. [8, 9] to the study of totally symmetric arbitrary spin conformal fermionic fields. The results presented here should have a number of interesting applications and generalizations, some of which are: i) application of BRST approach to the study of conformal fermionic fields. BRST approach was extensively used for the study of gauge invariant formulation of massive fields (see, e.g., Refs. [33] ). As we have already noticed in Ref. [9] , gauge invariant formulation of massive fields and ordinary-derivative formulation of conformal fields share many common features. Therefore we think that application of BRST approach to the study of ordinary-derivative conformal fields theories should be relatively straightforward. Recent extensive study of higher-spin fermionic fields in the framework of BRST approach can be found in Ref. [34] . ii) application of our approach to theory of interacting higher-spin conformal fields. Various approaches to theory of interacting higher-spin fields were discussed in Refs. [35] - [45] . We note that most of these approaches can straightforwardly be generalized to the case of conformal fields. This will provides the possibility for the studying interaction vertices for conformal fermionic fields. In our approach, use of Stueckelberg fields is very similar to the one in gauge invariant formulation of massive fields. As is well known, the Stueckelberg fields provide systematical setup for the study of interacting massive gauge fermionic fields theory (see, e.g., Ref. [46] ). We expect therefore that application of our approach to theory of interacting conformal fermionic fields might lead to new interesting development. In this respect it is worthwhile mentioning that BRST approach is one of the powerful methods for the studying interacting higher-spin field theories (see, e.g., Refs.
[47]- [52] .). iii) ordinary-derivative formulation of conformal fields theory in terms of unconstrained fields. In Refs. [16, 17] , various formulations of higher-spin dynamics in terms of unconstrained gauge fields were developed. Application of those formulations to the study of ordinary-derivative conformal fields theory could be of some interest. iv) extension of our approach to mixed-symmetry fermionic fields. Mixed-symmetry higher-spin fields have extensively been studied in recent time (see, e.g., Ref. [53] ). We think that ordinaryderivative formulation of mixed-symmetry conformal fermionic fields could be of some interest. Discussion of higher-derivative mixed-symmetry bosonic conformal fields may be found in Ref. [4] , while the discussion of self-dual conformal fields in the framework of ordinary-derivative approach may be found in Ref. [54] . Needless to say that the study of conformal fermionic fields along the lines in Ref. [55] could be also of some interest.
